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Learn to use empirical Bayesian methods for estimating binomial proportions, through a series
of intuitive examples drawn from baseball statistics. These methods are effective in estimating
click-through rates on ads, success rates of experiments, and other situations common in
modern data science.You'll learn both the theory and the practice behind empirical Bayes,
including computing credible intervals, performing Bayesian A/B testing, and fitting mixture
models. Each example is accompanied with visualizations to demonstrate the mathematical
concepts, as well as R code that can be adapted to analyze your own data.
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correct, not simulated it"14 BibliographyIntroduction to Empirical Bayes1 IntroductionHave you
ever tried to learn math from Wikipedia? As someone who uses a great deal of math in my work
but doesn't consider himself a mathematician, I've always found it frustrating. Most math
Wikipedia articles read to me like:The eigentensors are a family of parametric subspaces that
are diagonalizable but not orthogonal. Their densities are a ring of consecutive Hilbert
fields...There are people who can learn math from descriptions like that, but I'm not one of
them.When I was learning mathematical statistics, what I found most useful weren't proofs and
definitions, but rather intuitive explanations applied to simple examples. I was lucky to have great
teachers who showed me the way, and helped guide me towards a thorough appreciation of
statistical theory. I've thus endeavoured to make my own contribution to this educational
philosophy: an intuitive explanation for a statistical concept that I feel is overdue for one.This
book introduces empirical Bayes methods, which are powerful tools for handling uncertainty
across many observations. The methods introduced include estimation, credible intervals, A/B
testing, hierarchical modeling, and other components of the philosophy. It teaches both the
mathematical principles behind these and the code that you can adapt to explore your own data.
It does so through the detailed extension of a single case study: that of batting averages in



baseball statistics. I wrote it for people (like me) who need to understand and apply
mathematical methods, but would rather work with real data than face down pages of
equations.1.1 Why this book?This book originated as an answer to a , which asked for an
intuitive explanation of the beta distribution. I followed the answer with a series of posts on my
blog , starting with the post .As the blog series progressed, I realized I was building a narrative
rather than a series of individual posts. Adapting it into a book allowed me to bring all the
material into a consistent style and a cohesive order.1 Among the changes I've made from the
blog version is to add a brand new chapter (Chapter 10) about the Dirichlet and the multinomial,
and to expand and improve material in several other chapters, including a new explanation of the
conjugate prior in Section 2.3.1.1.1 Why empirical Bayes?Empirical Bayesian methods are an
approximation to more exact methods, and they come with some controversy in the statistical
community.2 So why are they worth learning? Because in my experience, empirical Bayes is
especially well suited to the modern field of data science.First, one of the limitations of empirical
Bayes is that its approximations become inaccurate when you have only a few observations. But
modern datasets often offer thousands or millions of observations, such as purchases of a
product, visits to a page, or clicks on an ad. Thus, there's often little difference between the
solutions offered by traditional Bayesian methods and the approximations of empirical Bayes.
(Chapter 12 offers evidence for this proposition, by simulating data and examining how accurate
the empirical Bayes approach is.)Secondly, empirical Bayes offers "shortcuts" that allow easy
computation at scale. Full Bayesian methods that use Markov Chain Monte Carlo (MCMC) are
useful when performance is less important than accuracy, such as analyzing a scientific study.
However, production systems often need to perform estimation in a fraction of a second, and run
them thousands or millions of times each day. Empirical Bayesian methods, such as the ones we
discuss in this book, can make this process easy.Empirical Bayes is not only useful, it is
undertaught. Typical statistical education often jumps from simple explanations of Bayes'
Theorem directly to full Bayesian models.3 This book is not a full statistical treatment of the
method, but rather an extended analysis of a single concrete example that will hopefully help
you gain the intuition to work with the method yourself.1.1.2 Why baseball?I've been a fan of
baseball since long before I worked in statistics, so the example of batting averages came
naturally to me, as did the extensions to the statistical topics introduced in the book. However, in
truth this book isn't really about baseball.I originally wanted to write about using empirical Bayes
to analyze ad clickthrough rates (CTRs), which is a large part of my job as a data scientist at
Stack Overflow. But I realized two things: the data I was analyzing was proprietary and couldn't
be shared with readers, and it was very unlikely to be interesting except to programmers in
similar positions.I believe that mathematical explanations should happen alongside analyses of
real and interesting data, and the Lahman baseball dataset certainly qualifies. It's thorough and
accurate, it's easily accessed from R through the Lahman package (Friendly 2015), and it allows
us to address real sports issues.In truth, I'm still not sure how accessible these explanations are
to readers unfamiliar with baseball. I have friends with little patience for sports who have still



gotten a great deal out of the blog series, and others who are alienated by the subject matter. If
you're not a baseball fan, I would strongly encourage you to give the book a chance anyway:
there is less discussion of baseball than you might expect, and I try to explain the material as I
go.41.2 OrganizationThis book is divided into four parts.Part I: Empirical Bayes is an introduction
to the beta-binomial model and to the fundamentals of the empirical Bayesian approach.Chapter
2 introduces the beta distribution, and demonstrates how it relates to the binomial, through the
example of batting averages in baseball statistics.Chapter 3 describes empirical Bayes
estimation, which we use to estimate each player's batting average while taking into account that
some players have more evidence than others.Chapter 4 discusses credible intervals, which
quantify the uncertainty in each estimate.Part II: Hypothesis Testing discusses two examples of
the Bayesian approach to testing specific claims.Chapter 5 describes the process of hypothesis
testing in comparing each observation to a fixed point, as well as the Bayesian approach to
controlling the false discovery rate (FDR).Chapter 6 is a guide to Bayesian A/B testing,
specifically the problem of comparing two players to determine which is the better batter.Part III:
Extending the Model introduces new complications, expanding the beta-binomial model to allow
batting averages to depend on other factors. These kind of extensions show how flexible the
empirical Bayes approach is in analyzing real data.Chapter 7 uses beta-binomial regression to
show how the model can control for confounding factors that affect a player's
performance.Chapter 8 extends the regression example to take more information into account,
such as time and whether a player is left-handed, as a particular case of a hierarchical Bayesian
model.Chapter 9 discusses mixture models, where each player may come from one of several
prior distributions, and shows how to use expectation-maximization algorithms to estimate the
mixture.Chapter 10 introduces the Dirichlet and the multinomial distributions, which unlike the
beta-binomial model can handle more than two categories of hits, and uses them to perform
empirical Bayes estimation of slugging averages.Part IV: Computation steps back to discuss
practical issues in applying empirical Bayes models with R.Chapter 11 introduces the ebbr
package, an R package developed alongside this book that makes it easy for you to use
empirical Bayes on your own binomial data.Chapter 12 puts empirical Bayes to the test through
simulation, by generating data where we know the "right answer" and then evaluating the
performance of our statistical methods.Chapter 13 extends this simulation approach by
simulating replications of the data to ensure the methods perform consistently well, and by
varying the number of observations to show in what situations empirical Bayes can fail.1.2.1
How to read this bookYou don't need to know how to program to read this book, but R
programmers may gain more practical skills from it if they follow along with the code. Every
chapter starts with a Setup section with the code necessary to follow along with the code
examples. This means you can jump into any chapter and replicate its code examples.I don't
generally show all the code necessary to replicate these chapters, only the parts others may
want to apply to their own data. In particular, I almost never show code to generate figures
(readers comfortable with ggplot2 will likely be able to reproduce most without trouble). All the



code associated with each chapter can be found in the book's .When discussing mathematical
methods, I generally prefer the inclusive first person plural (e.g. "Notice that we've improved our
estimate..."). I use the first person singular when discussing my own preferences and decisions,
such as in most of this introduction.I tend to adopt a more casual and conversational tone than
most mathematical texts. If you already find it unappealing, it's not going to get any better.1.2.2
AcknowledgmentsI thank the many readers who have provided feedback and support while this
was being published as a blog series. I thank Sean Lahman for organizing the excellent Lahman
baseball dataset, and Yihui Xie and the rest of RStudio for the development of the bookdown
package that made this format possible.I especially thank my family, including my father,
grandfather and brother, for reading and commenting on the series of blog posts, and my wife
Dana for her unending support and encouragement.1.2.3 ColophonThe source of this book is
published in the repository . If you find typos or bugs, I would greatly appreciate a pull request.
This book is electronic only, so you can expect frequent updates.You can compile the book with
the package with the linermarkdown::render_site(encoding = 'UTF-8')For example, I've moved
some of the more extraneous material into footnotes like this one. The name "empirical Bayes"
is perhaps the most controversial element, since some have noted that it falsely implies other
methods are "not empirical". I use this name throughout the book only for lack of an alternative. ,
by Gelman et al, is a classic example. It's a great text, but it focuses almost entirely on full
Bayesian methods such as Markov Chain Monte Carlo (MCMC) sampling, while the empirical
Bayesian approach is relegated to a few pages in Chapter 5. Similarly, sports fans and baseball
statisticians will probably find the book's discussions of baseball quite elementary and over-
simplified, though they may still learn from the math. 2 The beta distributionFirst, let's get to
know the beta distribution, which plays an essential role in the methods described in this book.
The beta is a probability distribution with two parameters and . It can take a couple of shapes
(Figure 2.1), all of them constrained to between 0 and 1.Figure 2.1 The density of the beta
distribution for several selected combinations of parameters.Some distributions, like the normal,
the binomial, and the uniform, are described in statistics education alongside their real world
interpretations and applications, which means beginner statisticians usually gain a solid
understanding of them. But I've found that the beta distribution is rarely explained in these
intuitive terms- if its usefulness is addressed at all, it's often with dense terms like "conjugate
prior" and "order statistic."1 This is a shame, because the intuition behind the beta is pretty
cool.In practice, the beta distribution is good at representing a probability distribution of
probabilities- that is, it represents all the possible values of a probability when we don't know
what that probability is. In this chapter, I'll introduce an example that we'll follow through the rest
of the book.2.1 Batting averagesThe sport of baseball has a long history of tracking and
analyzing statistics, a field called sabermetrics. One of the most commonly used statistics in
baseball is the , which is calculated as the number of hits (H) divided by the number of at-bats
(AB):A player's batting average is therefore a percentage between 0 and 1. .270 (27%) is
considered a typical batting average, while .300 (30%) is considered an excellent one.Imagine



we have a baseball player, and we want to predict what his season-long batting average will be.
You might say we can just use his batting average so far- but this will be a very poor measure at
the start of a season! If a player goes up to bat once and gets a single, his batting average is
briefly 1.000, while if he strikes out or walks, his batting average is 0.000. It doesn't get much
better if you go up to bat five or six times- you could get a lucky streak and get an average of
1.000, or an unlucky streak and get an average of 0, neither of which are a remotely good
predictor of how you will bat that season.Why is your batting average in the first few hits not a
good predictor of your eventual batting average? When a player's first at-bat is a strikeout, why
does no one predict that he'll never get a hit all season? Because we're going in with prior
expectations. We know that in history, most batting averages over a season have hovered
between something like .210 and .360, with some extremely rare exceptions on either side. We
know that if a player gets a few strikeouts in a row at the start, that might indicate he'll end up a
bit worse than average, but we know he probably won't deviate from that .210-.360 range.
Bayesian statistics is a way of modeling these prior successes explicitly.The number of hits a
player gets out of his at-bats is an example of a binomial distribution, which models a count of
successes out of a total.2 Since it's a binomial, the best way to represent the prior expectations
is with the beta distribution. The prior is representing, before we've seen the player take his first
swing, what we roughly expect his batting average to be. The domain of the beta distribution is ,
just like a probability, so we already know we're on the right track- but the appropriateness of the
beta for this task goes far beyond that.2.2 UpdatingWe expect that the player's season-long
batting average will be most likely around .27, but that it could reasonably range from .21 to .35.
This can be represented with a beta distribution with parameters and . In later chapters we'll go
into the details of how we can select parameters for a beta distribution, for now just know that
they were chosen so that the mean and variance would be realistic for batting averages.Figure
2.2 The density of the prior distribution: . The x-axis represents the distribution of possible
batting averages, the y-axis represents the probability density: how likely the batting average is
to fall at a particular point.In Figure 2.2, the x-axis represents the distribution of possible batting
averages, and the y-axis represents the probability density of the beta distribution: how likely the
batting average is to fall at a particular point. The beta distribution is representing a probability
distribution of probabilities.Here's why the beta distribution is so appropriate for modeling the
binomial. Imagine the player gets a single hit. His record for the season is now "1 hit; 1 at bat."
We have to then update our probabilities- we want to shift this entire curve over just a bit to
reflect our new information. This is the Bayesian philosophy in a nutshell: we start with a prior
distribution, see some evidence, then update to a posterior distribution.The math for proving this
is a bit involved (), the result is very simple. The new beta distribution will be:where and are the
parameters we started with- that is, 81 and 219. Thus, in this case, has increased by 1 (his one
hit), while has not increased at all (no misses yet). That means our new distribution is .Figure
2.3 The density of the prior beta distribution, alongside the posterior after seeing 1 hit (), or 100
hits out of 300 at-bats (.Figure 2.3 shows the prior distribution (red) and the posterior after a



single hit (green). Notice that it has barely changed at all- the change is almost invisible to the
naked eye! That's because one hit doesn't really mean anything. If we were a scout deciding
whether to hire this player, we wouldn't have learned anything from the one hit.However, the
more the player hits over the course of the season, the more the curve will shift to accommodate
the new evidence, and furthermore the more it will narrow to reflect that we have more proof.
Let's say halfway through the season he has been up to bat 300 times, hitting 100 out of those
times. The new distribution would be .Notice in Figure 2.3 that the new curve (in blue) is now
both thinner and shifted to the right (higher batting average) than it used to be- we have a better
sense of what the player's batting average is.2.2.1 Posterior meanOne of the most interesting
outputs of this formula is the expected value of the resulting beta distribution, which we can use
as our new estimate. The expected value (mean) of the beta distribution isThus, after 100 hits of
300 at-bats, the expected value of the new beta distribution isNotice that it is lower than the raw
estimate of , but higher than the estimate you started the season with : it is a combination of our
prior expectations and our estimates. You might notice that this formula is equivalent to adding a
"head start" to the number of hits and non-hits of a player: you're saying "start each player off in
the season with 81 hits and 219 non hits on his record").2.3 Conjugate priorWhy is it so easy to
update the beta distribution from to ? Because the beta distribution is the conjugate prior of the
binomial: that just means that it's a particularly convenient distribution. The math for proving this
is . But how can we get a feel for it?Imagine you were a talent scout trying to estimate the "true
batting average"- the probability of a hit- for a player with a 100/300 record. It would be nice to
say "of all the players I've ever seen that batted 100/300, how good did they turn out to be?" This
is unrealistic- we haven't seen very many players historically with that exact record. But when we
have our prior distribution, we can build our own dataset of players, and look at the ones with
100/300.Let's say we simulated ten million players. According to our prior expectations, they will
be distributed according to a distribution (generated with the rbeta function in R). From each of
them, we'll give them 300 chances at-bat, just like our 100/300 player.3library(dplyr)num_trials
<- 10e6simulations <- data_frame( true_average = rbeta(num_trials, 81, 219), hits =
rbinom(num_trials, 300, true_average))simulations## # A tibble: 10,000,000 × 2##
true_average hits## <dbl> <int>## 1 0.2979415 88## 2 0.2354909 69## 3
0.2546951 70## 4 0.2759389 88## 5 0.2623029 91## 6 0.2517093 70## # ... with
1e+07 more rowsThat's a lot of players, and we know the true batting average for every one of
them. How many of them got 100/300, so we can compare them to our hypothetical player?
hit_100 <- simulations %>% filter(hits == 100)hit_100## # A tibble: 79,587 × 2## true_average
hits## <dbl> <int>## 1 0.2936511 100## 2 0.2815129 100## 3 0.2734750 100##
4 0.3224575 100## 5 0.2929232 100## 6 0.3191767 100## # ... with 7.958e+04 more
rowsWhat distribution of batting averages did these players have have? How good was the
median player? We can tell with a histogram (Figure 2.4).Figure 2.4 Histogram of the true batting
average of all the players who got exactly 100 hits. Shown in red is the density of .Notice the
distribution of these batting averages. Our prior distribution may have contained batters with a



true batting average of .2, but they never got 100/300 in our simulations. And while it is easy for a
batter with a .330 probability to get 100/300, there weren't many of them in the prior. And the
median player who got 100/300 has a true batting average of about .3: that's our posterior
estimate.We can also confirm the math about the conjugate prior: the distribution of players
precisely matches our posterior, shown in red. This shows what Bayesian updating is really
doing- it's asking "out of our prior, what kinds of players would end up with evidence like
this?"What if the player had gotten 60 hits, or 80 hits, instead of 100? We could plot the density
of each of those subsets of the simulations, as shown in Figure 2.5.4simulations %>% filter(hits
%in% c(60, 80, 100)) %>% ggplot(aes(true_average, color = factor(hits))) + geom_density()
+ labs(x = "True average of players with H hits / 300 at-bats", color = "H")Figure 2.5 The
density of the true batting average of subsets of the simulated players, specifically selecting
players who had a record of 60/300, 80/300, or 100/300.We can see that the shape of the
posteriors are be similar (following a beta distribution), but that they shift to accomodate the
evidence. Thus, the "simulate from the prior, pull out the ones who matched our evidence"
approach was able to combine the prior and the evidence.We won't need to keep generating
millions of players in rest of this book: we'll just take the "add hits to , add misses to " approach
for granted. We'll revisit the approach of simulating data in Chapter 12, where we'll use it to test
and evaluate our methods. Simulation can be useful for more than just checking the math: when
Bayesian statisticians work with distributions that don't have a simple conjugate prior, they often
use simulation approaches (such as or ) that aren't that different from our approach here.For
example, mathematicians might start by teaching the probability density function of the beta
that's shown in Figure 2.1, which happens to be , where is the . But I don't get much out of a
definition like that; I like to see how a distribution is useful in practice. For example, we might say
that out of 100 at-bats, the number of hits a player gets is distributed according to , where is the
probability of each at-bat being a hit (and therefore is the batting average that we'd like to
estimate). This is equivalent to flipping 100 coins, each with a probability of heads. Note that
we keep the two vectors, true_average and hits, in a data_frame. This is a useful habit for "tidy"
simulation since it can then be used with the dplyr and tidyr packages, and a practice we'll
generally continue throughout the book. Notice that unlike the previous histogram, I chose to
show this code as a way to help understand what is being visualized. Throughout the book I
often make such judgment calls about when showing code can help explain a visualization.
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Stephen Oates, “A brilliant look at a faster Bayesian approach to A/B type testing.. As a working
data scientist, probably the most common type of analysis is to compare the response rates to
groups under different types of conditions (A/B tests etc). Sadly in a lot of the business world the
Null Hypothesis Significance Test reigns supreme. It dominates because it is easy to calculate
and gives the false idea of certainty to those who some statistical knowledge (most believe that
the p value is the probability of the value being found by chance which is incorrect). People
hearing the results - often people from other areas of a business who are statistically naive -
mistake what the p value is telling them and sadly the people presenting either are confused
themselves or are deliberately using the confusion to make their case seem stronger. One really
popular way around this is a Bayesian Approach which has the benefit of returning distributions
which I think is easier for non-statistical audiences to understand. Their are a couple of
downsides with the Bayesian approach firstly involving quite a lot to set up and understand
(though a lot of work has gone into making this easier for example in R we now have packages
like rstanarm and brms which construct the Stan code under the covers) and it can also take a
lot of time to get results back and to understand what the results mean when things go wrong.
Robinson's excellent book promotes an alternative which I had not come across before
"Empirical Bayes" based on ideas from Efron. Basically the idea is to fit a Maximum Likelihood
model and use this as the prior for each individual point to guess its "true" average. This short
cut sacrifices the computation time of a full Bayesian posterior calculation and the accuracy it
brings for a close estimate. Particularly where we have lot of data points we won't actually be
giving up much in the way of accuracy.The book than goes on to discuss Bayesian Credible
Intervals vs Confidence Intervals, false discovery rate control, q values which are ways of
quantifying how certain we are of the point estimate. Finally it works through examples of
Bayesian A/B testing, Beta-Binomial Regression and finally Empirical Bayesian hierarchical
modelling. These are likely familair to those that have worked through the many great blogs and
papers on the usefulness of a Bayesian approach to A/B testing with the added benefit of the
speed up of an Empirical Bayesian approach. Unfamiliar to me was mixture modelling in A/B
Testing where individuals are assigned to clusters.Finally the book moves to Multinomial and
Dirichlet distributions where we might have a number of metrics we are assessing at once.To
sum up I found this book to be a fantastic book for where I was at. I was aware of the problems of
the traditional NHST approaches and dutifully did my analysis using Bayesian approaches.
However if you really pressed me I would not have had great answers for questions like "why
exactly do you use the beta-distribution?". This book has filled some of those gaps, introduced
me to interesting ideas of "Empirical Bayes" and walked me through the creation of a number of
techniques that are much faster than my current approaches. The book has full R code and even
an R package which implements a lot of the tools. The code is up to date making full use of the
"tidyverse" packages and is super easy to take the code and apply it to your own data. In short



this is an awesome book that is both deep and practical introduction to Empirical Bayesian
approaches to A/B testing. I will certainly be recommending it broadly and buying copies for to
colleagues and friends.”

Peter, “Nice presentation for a useful tool. I think that everyone who works with data can extract
some useful knowledge from this book. Even if you have mastered more foundational texts like
Bayesian Data Analysis. It presents an excellent pragmatic approach of an effective tool that
every scientist and/or statistician could add to their toolbox.Moreover, it shows the limitations of
the techniques presented and is very realistic about its pros and cons.Lastly, my only
observation would be that in some passages (2 or 3) the author mentions that some more
advanced techniques are "out of the scope of this book" but don't even mention which
techniques are these or where you could research further.Overall, a really nice and instructive
reading for anyone interested in Applied Bayesian Methods.”

Ron Myers, “The best book on this subject. I gamble on sports for a living but am not a
professional statistician. Bayesian methods are mandatory to beat sports betting, but most
academic statistics books waste an incredible amount of time on mathematical theory, with far
less focus on the aspects of Bayes that are actually valuable in the real world - how to use it to
better predict things. This book changes that trend through clear writing and examples as well an
explanation of all the code used. Highly recommended to all who are interested in better
predicting things.”

William C Scott, “Absolutely fantastic book on practical Bayes applications. I am a HUGE fan of
this book and any of David’s writings. Excellent. If you know R, and want to learn Bayesian
approaches, read this.”

Morris Pearl, “I got a better understanding of how to use historical data to drive monte-carlo
simulation. The book taught how to take data on a bunch of subjects, and use that data to model
new subjects about whom you have little or no data.”

Adam C. Duncan, “Dave is always great and this book is no exception.. Excellent walk through of
empirical bayes around a singular subject. Continuity is great and I hope he revisits this topic
with more variations and subject matter. His ease of explanation will benefit any practitioner.”

Dr. R. E. Wyllys, “does a good job of illustrating Bayesian inference. Well written, with pertinent
humor; does a good job of illustrating Bayesian inference.”

WRH, “Great book. For non math type. Clear examples easy to read.Using real data is very
helpful.Made bayes approach easy to understand”



Phill Clarke, “Great Introduction to Empirical Bayes. A really clear introduction to Empirical Bayes
estimation. The book works through examples in a logical order, then sums everything up with
some easy to use R functions. Even though not a baseball enthusiast, the examples from this
sport made things very easy to contextualise.”

The book by David Robinson has a rating of  5 out of 4.8. 31 people have provided feedback.
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